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1. Introduction
Let G be a ﬁnite group with identity element 1, and let S be a generating set for G such that
S−1 = S and 1 /∈ S; we call S a Cayley subset. A Cayley graph Cay(G, S) for G and S is a simple
undirected graph with G as its vertex-set and G × S as the set of darts. A dart (g, x) has initial
vertex g and terminal vertex gx, and its inverse is the dart (gx, x−1). The edges of Cay(G, S) are
formed by pairs of mutually inverse darts.
Given a cyclic permutation p of the Cayley subset S , a Cayley map CM(G, S, p) is a 2-cell embed-
ding of the Cayley graph Cay(G, S) into an orientable surface with the same local rotation induced by
the permutation p at every vertex. In a combinatorial framework, it is a tripleM= (D; R, L) where D
is the dart set G × S , R is the permutation on D deﬁned as R(g, x) = (g, p(x)) and L is the dart-
reversing involution, L(g, x) = (gx, x−1). Two Cayley mapsM1 = (D1; R1, L1) andM2 = (D2; R2, L2)
are isomorphic if there is a bijection Φ : D1 → D2 such that ΦR1 = R2Φ and ΦL1 = L2Φ. The bijec-
tion Φ is called an isomorphism from M1 to M2. If M1 = (D1; R1, L1) =M2 = (D2; R2, L2) =M,
then an isomorphism is called an automorphism of the map M. The set of all map automorphisms
constitute a group denoted by Aut(CM(G, S, p)). The Cayley mapM= CM(G, S, p) is said to be regu-
lar if Aut(M) acts transitively on the dart set G × S , (equivalently, if |AutM| = |G| · |S|).
A Cayley map M= CM(G, S, p) is called t-balanced if p(x)−1 = pt(x−1) for every x ∈ S . In partic-
ular, if t = 1, we call M is balanced, and if t = −1, then M is called anti-balanced. Since Biggs [1]
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more information about Cayley maps, see [2–4,7–9,11–14].
In this paper, we are concerned with classifying regular Cayley maps on a given ﬁnite group,
especially regular t-balanced Cayley maps on semi-dihedral groups. Conder et al. [2] classiﬁed the
regular anti-balanced Cayley maps on abelian groups, and Muzychuk [10] characterized abelian groups
admitting a balanced automorphism. Wang and Feng [15] classiﬁed the regular balanced Cayley maps
on dihedral and generalized quaternion groups, and Kwak et al. [5,6] classiﬁed the regular t-balanced
Cayley maps on dihedral groups or dicyclic groups. In this paper, we classify the regular t-balanced
Cayley maps on semi-dihedral groups for any t .
The four families of groups are deﬁned as follows:
Cyclic groups Zn =
〈
a
∣∣ an = 1〉, n 1;
Dihedral groups D2n =
〈
a,b
∣∣ an = b2 = 1, bab−1 = a−1〉, n 3;
Dicyclic groups B4n =
〈
a,b
∣∣ a2n = 1, b2 = an, bab−1 = a−1〉, n 3;
Semi-dihedral groups SD4n =
〈
a,b
∣∣ a4n = b2 = 1, bab−1 = a2n−1〉, n 3.
This paper is organized as follows. In the next section, we review some known results on regular
t-balanced Cayley maps. In Section 3, the classiﬁcation theorems on regular t-balanced Cayley maps
on semi-dihedral groups are given, and in Section 4, their proofs are given.
2. Some known results
In this section, we review some useful facts to classify all t-balanced Cayley maps on semi-dihedral
groups.
Two Cayley maps M1 = CM(G, S, p) and M2 = CM(G, T ,q) with S = {x1, x2, . . . , xr} and T =
{y1, y2, . . . , yr} are said to have the same rotation type if the two cyclic permutations p and q can
be expressed as p = (x1 x2 · · · xr) and q = (y1 y2 · · · yr) such that x−1i = p j(xi) if and only if
y−1i = q j(yi) for any i, j ∈ {1,2, . . . , r}. The following lemma is useful for a classiﬁcation of regular
Cayley maps on a given group. We will use it implicitly.
Lemma 2.1. (See [5].) LetM1 = CM(G, S, p) andM2 = CM(G, T ,q) be two regular Cayley maps of the same
rotation type. ThenM1 andM2 are isomorphic if and only if there exists a group automorphism α of G such
that α(S) = T and αp = qα.
Škoviera and Širánˇ characterize regular balanced Cayley maps as follows.
Lemma 2.2. (See [13].) LetM= CM(G, S, p) be a Cayley map. ThenM is regular and balanced if and only if
there exists a group automorphism σ whose restriction on S is p.
For a given Cayley set S for G , let G+ be the set of all elements of G that are expressible as
words of even length in terms of generators in S , and let G− = G \ G+ . We deﬁne a homomorphism
| · | : G → Z2 = {1,−1} by setting
|g| =
{
1 if g ∈ G+,
−1 if g /∈ G+.
A value |g| is called the sign of g . A group with such a homomorphism is called a group with sign
structure. It may happen that G+ = G . In this case the corresponding sign structure is called trivial.
Let G be a ﬁnite group with sign structure and let t = 0 be an integer. Then a bijection ϕ : G → G
is said to be a t-automorphism if ϕ is sign-preserving, i.e., |ϕ(g)| = |g| for any g ∈ G , and for any g
and h in G one has
ϕ(gh) =
{
ϕ(g)ϕ(h) if g ∈ G+,
ϕ(g)ϕt(h) if g ∈ G−.
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π(g) =
{
1 if g ∈ G+,
t if g ∈ G−,
so that ϕ(gh) = ϕ(g)ϕπ(g)(h) for all g and h in G . Líšková et al. [7] characterized a regular t-balanced
Cayley map in terms of the t-automorphism as follows.
Lemma 2.3. (See [7].) LetM = CM(G, S, p) be a Cayley map. Then the mapM is regular t-balanced with
t > 1 if and only if t is a square root of 1 on Z|S| (other than 1 itself ) and there exists a t-automorphism ϕ
satisfying conditions:
(1) The restriction of ϕ on S is p.
(2) |G : G+| = 2 and S is a subset of G \ G+ .
(3) ϕ preserves G+ setwise and the restriction of ϕ on G+ is a group automorphism of G+ .
In every group G with a nontrivial sign structure, the subgroup G+ is of index two. As G/G+ ∼= Z2,
the group G can be viewed as a Z2-extension of G+ .
Let G be a Z2-extension of a group G+ with e the identity element of G+ . Take r ∈ G \ G+ . Let
θ = νr |G+ be the restriction of the inner automorphism νr by r to G+ , i.e., θ(x) = rxr−1 for every
x ∈ G+ , and let s = r2. Consider the set G+(θ; s) of all pairs gi where g ∈ G+ and i ∈ Z2 = {0,1} with
a binary operation deﬁned as follows:
gi · hj = gθ i(h)si j(i + j),
where g,h ∈ G+ and i, j ∈ Z2. Then G+(θ; s) forms a group and a Z2-extension of G+ . Notice that e0
is the identity element of G+(θ; s) and (gi)−1 = θ−i(g−1)s−i i for every g ∈ G+ and i ∈ Z2. Škoviera
and Širánˇ characterized a Z2-extension as follows.
Lemma 2.4. (See [12].) Let G be a Z2-extension of a group G+ . Take r ∈ G \ G+ and set s = r2 . Then the
function α : G → G+(θ; s), hri → hi (h ∈ G+, i ∈ {0,1}) is a group isomorphism.
Lemma 2.5. (See [7].) Let G = G+(θ; s) be a Z2-extension of a group G+ . Let ϕ be a t-automorphism of G,
and let φ = ϕ|G+ . Set z = ϕ(e1) · (e1)−1 ∈ G+ . Then φ is a group automorphism of G+ and
ϕ(gi) = φ(g)zi i for every gi ∈ G. (1)
That is, every t-automorphism ϕ of G is determined by its restriction φ to G+ , by an element z ∈ G+ and by
formula (1).
Theorem 2.6. (See [7].) Let G = G+(θ; s) be a Z2-extension of a group G+ . Let φ ∈ Aut(G+) and z ∈ G+ be
given. Then the function ϕ : gi → φ(g)zi i (g ∈ G+, i ∈ {0,1}) is a t-automorphism if and only if it satisﬁes
ϕ(g1h0) = ϕ(g1)ϕt(h0) and ϕ(g1h1) = ϕ(g1)ϕt(h1) for each g,h ∈ G+. (2)
Lemma 2.7. (See [2].) Let M = CM(G, S, p) be a regular t-balanced (t > 1) Cayley map with a t-
automorphism ϕ . If x ∈ S of order greater than 2, then there exists h ∈ G+ such that
S = {x,hx,ϕ(h)hx,ϕ2(h)ϕ(h)hx, . . . , ϕ|S|−2(h)ϕ|S|−3(h) · · ·ϕ2(h)ϕ(h)hx}
with p = (x hx ϕ(h)hx ϕ2(h)ϕ(h)hx · · · ϕ|S|−2(h)ϕ|S|−3(h) · · ·ϕ2(h)ϕ(h)hx).
Let M = CM(G, S, p) be a Cayley map on a group G with generating set S = {x1, x2, . . . , xr} or-
dered in such a way that p(xi) = xi+1, where the indices are reduced modulo r and index r is used
instead of 0. The distribution of inverses ofM is an involutory permutation τ ∈ Sr deﬁned by
x−1i = xτ (i).
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et. al gave a complete characterization of distribution of inverses of t-balanced maps as follows.
Lemma 2.8. (See [7].) Let M = CM(G, S, p) be a t-balanced Cayley map. Then there exists an ordering
x1, x2, . . . , xr of the generating set S such that p(xi) = xi+1 and such that the distribution of inverses τ has
one of the following forms:
(1) τ = τt , or
(2) τ = ηdτt where d = gcd(t − 1, r)/2 and the pair (t, r) satisﬁes the following property: t = ±1 (mod 2k)
for 2k ‖ r where 2k ‖ r means that 2k | r but 2k+1  r.
In case (1), S contains gcd(t − 1, r) involutions, whereas in case (2), S is involution-free.
Lemma 2.9. (See [4].) LetM= CM(G, S, p) be a regular t-balanced Cayley map with the t-automorphism ϕ .
Then
π(x) = χ(ϕ(x)) − χ(x) + 1 (mod |S|) for any x ∈ S,
where χ(x) is the smallest nonnegative integer such that ϕχ(x)(x) = x−1 for each x ∈ S.
Lemma 2.10. Let CM(G, S, p) be a 4m-valent regular (2m+ 1)-balanced Cayley map and let ϕ be the associ-
ated (2m + 1)-automorphism. Then ϕ2 is a group automorphism of G.
Proof. Because ϕ is a bijection and ϕ(e) = e where e is the identity element of G , it holds that
ϕ2 : G → G is bijective and ϕ2(e) = e. For any g,h ∈ G , we have
ϕ2(gh) =
{
ϕ(ϕ(g)ϕ(h)) = ϕ2(g)ϕ2(h) if g ∈ G+,
ϕ(ϕ(g)ϕ2m+1(h)) = ϕ2(g)ϕ4m+2(h) = ϕ2(g)ϕ2(h) otherwise. 
3. Regular t-balanced Cayley map on semi-dihedral group
For a regular t-balanced Cayley map CM(G, S, p), the choices of generating set S and its cyclic
permutation p are very restrictive by Lemmas 2.3 and 2.8. But, for a general regular Cayley map, there
might be so many choices for the generating set S and its cyclic permutation. It makes a diﬃculty to
classify all regular Cayley maps on a given family of groups. In fact, we do not know whether there
exist regular Cayley maps on the cyclic group Zn , the dihedral group D2n , the dicyclic group B4n or
the semi-dihedral group SD4n which is not t-balanced for any t .
The elements of the semi-dihedral group SD4n can be partitioned into two disjoint subsets
〈a〉 = {e,a,a2, . . . ,a4n−1} and SD4n \ 〈a〉 = {b,ab,a2b, . . . ,a4n−1b}.
For convenience, we call an element in the subset 〈a〉 an a-type and one in the subset SD4n \ 〈a〉 a
b-type. In the semi-dihedral group SD4n , inverse elements of any a-type elements are a-type ones,
inverse elements of any b-type ones are b-type ones, and the elements a2ib(0  i  2n − 1) are all
ones of order 2 in SD4n \ 〈a〉. From these facts, one can easily derive that SD4n has no Cayley subset of
cardinality 2. Thus there is no regular Cayley maps on SD4n of valency 2. From now on, we consider
only r-valent maps with r  3.
We ﬁrst construct two families of t-balanced Cayley maps on semi-dihedral groups with t > 1.
Construction of the Cayley map CM(4n, ,k,m). Let S be the set of quadruples (4n, ,k,m) of posi-
tive integers satisfying the following three conditions:
(i) n 3, 1  < 4n with gcd(,4n) = 1 and 1 k,m n.
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2m−1 = −1 (mod 4n). (3)
(iii) The quadruple satisﬁes
2(2k − 1)2(2m−1 + 2m−2 + · · · + ) + ( − 1) = 0 (mod 4n). (4)
For each quadruple (4n, ,k,m) ∈S, we construct an (8m − 4)-valent Cayley map CM(SD4n, S, p),
which will be denoted by CM(4n, ,k,m), as follows: Let
S = {ai ,a2(2k−1)(i+i−1+···+1)b ∣∣ 0 i  4m − 3}
and let p be a cyclic permutation on S deﬁned by
p
(
a
i ) = a2(2k−1)(i+i−1+···+1)b and p(a2(2k−1)(i+i−1+···+1)b) = ai+1
for any i = 0,1, . . . ,4m − 3.
For any x ∈ S , one can see that p(x)−1 = p4m−1(x−1). So the Cayley map CM(4n, ,k,m) is
(4m − 1)-balanced.
Construction of the Cayleymap CM(4n,u,m). Let T be the set of triples (4n,u,m) of positive integers
satisfying the following two conditions:
(i) n 3, 1m n and 1 u < 4n with gcd(u,4n) = 1.
(ii) The quadruple satisﬁes
2n = (u2m−1 + u2m−2 + · · · + u + 1) (mod 4n). (5)
For each triple (4n,u,m) ∈ T, we construct a 4m-valent Cayley map CM(SD4n, S, p), which will be
denoted by CM(4n,u,m), as follows: Let
S = {ab,a(ui−1+ui−2+···+1)+1b,a2n+1b,a2n+(ui−1+ui−2+···+1)+1b ∣∣ 1 i  2m − 1}
and let p be a cyclic permutation on S deﬁned by
p = (ab a1+1b a(u+1)+1b a(u2+u+1)+1b · · · a(u2m−2+u2m−3+···+1)+1b a2n+1b a2n+1+1b a2n+(u+1)+1b
a2n+(u2+u+1)+1b · · · a2n+(u2m−2+u2m−3+···+1)+1b).
For any x ∈ S , one can see that p(x)−1 = p2m+1(x−1). So the Cayley map CM(4n,u,m) is (2m+ 1)-
balanced.
Now, we introduce main theorems of this paper which will be proved in the next section.
Theorem 3.1. There do not exist regular balanced Cayley maps on semi-dihedral groups.
Theorem 3.2. For any quadruple (4n, ,k,m) ∈S, the Cayley graph CM(4n, ,k,m) is (8m − 4)-valent reg-
ular and (4m − 1)-balanced. Furthermore, for any two quadruples (4n, 1,k1,m), (4n, 2,k2,m) ∈ S, two
maps CM(4n, 1,k1,m) and CM(4n, 2,k2,m) are isomorphic if and only if 1 = 2 and k1 = k2 .
Theorem 3.3. For any triple (4n,u,m) ∈ T, the Cayley graph CM(4n,u,m) is 4m-valent regular and
(2m + 1)-balanced. Furthermore, for any two triples (4n,u1,m), (4n,u2,m) ∈ T, two maps CM(4n,u1,m)
and CM(4n,u2,m) are isomorphic if and only if u1 = u2 .
Theorem 3.4. LetM= CM(SD4n, S, p) be a regular t-balanced Cayley map on the semi-dihedral group SD4n.
Then t > 1, SD+4n = 〈a2,b〉, 〈a2,ab〉 or 〈a〉, and one of the following holds:
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(2) If SD+4n = 〈a2,ab〉, the mapM is isomorphic to one of CM(4n, ,k,m) where (4n, ,k,m) ∈S.
(3) If SD+4n = 〈a〉, the mapM is isomorphic to one of CM(4n,u,m) where (4n,u,m) ∈ T.
Furthermore, any two maps in (2) and (3) are not isomorphic.
Remark. The group 〈a2,b〉 is isomorphic to the dihedral group D4n , and the group 〈a2,ab〉 is iso-
morphic to the dicyclic group B4n . Hence two groups are not isomorphic. Moreover, it is easy to see
that any two maps in (2) and (3) with same valency have the same rotation type. But, since the two
groups 〈a2,ab〉 and 〈a〉 are not isomorphic, Lemma 2.1 implies that the above two maps are not iso-
morphic. This proves the last statement of Theorem 3.4. For any n = 1,2, a Cayley map CM(SD4n, S, p)
has the number of vertices less than or equal to 16, and so one may determine all regular maps
directly, possibly with a digital computing. In fact, the proofs of Theorems 3.1–3.4 do not include the
case n = 1,2.
The following corollary is immediate.
Corollary 3.5. Any regular anti-balanced Cayley map on the semi-dihedral group is isomorphic to one of the
regular anti-balanced Cayley map CM(SD4n, S, p) where
(1) S = {ab,a2b,a2n+1b,a2n+2b} and p = (ab a2b a2n+1b a2n+2b), or
(2) S = {b,a,a2(2k−1)b,a−1} and p = (b a a2(2k−1)b a−1) for an integer k with 2k2 − 2k + 1 = 0 (mod n).
4. Proofs of Theorems 3.1–3.4
The following lemma can be obtained easily by noting that the subgroup 〈a〉 is a characteristic
subgroup in each groups, and it is useful to classify regular t-balanced maps on semi-dihedral groups.
Lemma 4.1. Let Zn, D2n, B4n and SD4n be the cyclic, dihedral, dicyclic and semi-dihedral group, respectively.
Then
(1) Aut(Zn) = {αi: a → ai | 0 i  n − 1, gcd(i,n) = 1};
(2) Aut(D2n) = {βi j: a → ai, b → a jb | 0 i, j  n − 1, gcd(i,n) = 1};
(3) Aut(B4n) = {γi j: a → ai, b → a jb | 0 i, j  2n − 1, gcd(i,2n) = 1};
(4) Aut(SD4n) = {σi j: a → ai, b → a2 jb | 0 i  4n − 1, 0 j  2n − 1, gcd(i,4n) = 1}.
Lemma 4.2. If S is a subset of the set {a2i+1b | 0 i  2n − 1} in the semi-dihedral group SD4n, then S does
not generate the group SD4n.
Proof. If S generates the group SD4n , then a2b must be a product of odd number of elements in
S ∪ S−1, say a2b = (a2i1+1b)(a2i2+1b) · · · (a2i2r+1+1b). Then
a2b = (a2i1+1+(2i2+1)(2n−1))(a2i3+1+(2i4+1)(2n−1)) · · · (a2i2r−1+1+(2i2r+1)(2n−1))(a2i2r+1+1b).
Hence a2b is of the form a2 j+1b, but this cannot happen. 
Proof of Theorem 3.1. LetM= CM(SD4n, S, p) be a regular balanced Cayley map. Then by Lemma 2.2,
there exists σi j ∈ Aut(SD4n) with σi j|S = p. In view of Lemma 4.1(4), up to isomorphism of maps, one
can assume that b or ab in S . If b ∈ S , then
S = {b, σi j(b),σ 2i j (b), . . . , σ |S|−1i j (b)} = {b,a2 jb,a2 j(i+1)b, . . . ,a2 j(i|S|−2+i|S|−3+···+i+1)b}.
Notice that 〈S〉  〈b,a2 j〉, but 〈b,a2 j〉 = SD4n . Thus S does not generate SD4n , and this case cannot
happen. On the other hand, if ab ∈ S , then
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= {ab,ai+2 jb,ai2+2 j(i+1)b,ai3+2 j(i2+i+1)b, . . . ,ai|S|−1+2 j(i|S|−2+···+i+1)b}.
Since all elements in S and their inverse ones are of the form a2k+1b, by Lemma 4.2 S does not
generate SD4n . Hence also this case cannot happen. 
From now on, we always assume that t > 1. In view of Lemma 2.3(2), we want to ﬁnd a sub-
group H of SD4n of index 2. Clearly 〈a〉 is such a subgroup. Suppose H = 〈a〉. Then
8n = o(SD4n) = o
(
H〈a〉) = o(H)o(〈a〉)
o(H ∩ 〈a〉) =
16n2
o(H ∩ 〈a〉) ,
and so 2n = o(H ∩ 〈a〉). This implies H ∩ 〈a〉 = 〈a2〉. If a2ib ∈ H for an integer i, then
H 
〈
a2,a2ib
〉 = 〈a2〉〈a2ib〉 and o(〈a2〉〈a2ib〉) = o(〈a2〉)o(〈a2ib〉) = 4n,
which implies H = 〈a2,a2ib〉. If a2i+1b ∈ H for an integer i, then by noting that 〈a2i+1b〉 =
{e,a2i+1b,a2n,a2n+2i+1b}, we have
H 
〈
a2,a2i+1b
〉 = 〈a2〉〈a2i+1b〉 and o(〈a2〉〈a2i+1b〉) = 4n,
which implies H = 〈a2,a2i+1b〉. Consequently we have the following.
Lemma 4.3. If H is a subgroup of the semi-dihedral group SD4n of index 2, then
H = 〈a2,b〉, 〈a2,ab〉 or 〈a〉.
LetM= CM(SD4n, S, p) be a regular t-balanced (t > 1) Cayley map on a semi-dihedral group SD4n ,
and let ϕ be its associated t-automorphism. By Lemma 2.3(2), SD+4n is a subgroup of G of index 2,
and hence according to Lemma 4.3, we can divide our discussion into three cases. These three cases
are exactly those of Theorem 3.4(1), (2) and (3).
Proof of Theorem 3.4(1). LetM be a regular t-balanced Cayley map on the semi-dihedral group SD4n
with SD+4n = 〈a2,b〉. By Lemma 2.4 with r = a, the function
α : SD4n → SD+4n
(
θ;a2), h → h0, ha → h1 (h ∈ SD+4n)
is a group isomorphism. Lemma 2.3 implies that ϕ|S = p and φ := ϕ|SD+4n ∈ Aut(SD
+
4n). From the fact
that SD+4n is isomorphic to D4n , one can assume that
φ : SD+4n → SD+4n, a2 → a2u, b → a2vb where 0 u, v  2n − 1 and gcd(u,2n) = 1.
To apply Lemma 2.5, we assume that ϕ(e1) = z ·e1 for an element z ∈ SD+4n = {a2i,a2ib | 0 i  2n−1}
where e is the identity element of SD+4n . Then
ϕ(hi) = φ(h)zi i for h ∈ SD+4n and i ∈ {0,1}.
Now we divide our discussion into two cases depending on whether z is a-type or not.
Case 1: z = a2i0 . For a2i1(↔ a2ia = a2i+1),
ϕ
(
a2i1
) = φ(a2i)a2i01 = a2iu+2i01(↔ a2(iu+i0)+1).
For a2ib1(↔ a2iba = a2n+2i−1b),
ϕ
(
a2ib1
) = φ(a2ib)a2i01 = a2iu+2v−2i0b1(↔ a2iu+2v−2i0+2n−1b).
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ϕ : a2i → a2iu, a2ib → a2iu+vb, a2i+1 → a2(iu+i0)+1, a2i−1b → a2ui+2v−2i0−1b (6)
where 0 u, v  2n− 1 and gcd(u,2n) = 1. Up to isomorphism of maps, one can assume that ab ∈ S .
Then S = {ab,ϕ(ab),ϕ2(ab), . . . ,ϕ|S|−1(ab)} and every element in S is of the form a2 j+1b (see Eq. (6)).
But then, S cannot generate G by Lemma 4.2. Therefore this case cannot happen.
Case 2: z = a2i0b. By a similar method to Case 1, one can have
ϕ : a2i → a2iu, a2ib → a2iu+2vb, a2i+1 → a2iu+2n+2i0−1b, a2i−1b → a2ui+2v−2n−2i0+1 (7)
where 0 u, v  2n− 1 and gcd(u,2n) = 1. Up to isomorphism of maps, one can assume that ab ∈ S .
Then by Eq. (7), we know that p = ϕ|S maps a b-type to an a-type and vice versa. Moreover, since
ϕ(ab)−1 = ϕt((ab)−1) = ϕt(a−2n+1b), t must be odd, say t = 2w + 1 for an integer w . Since ϕ is a
(2w + 1)-automorphism, it holds that
ϕ(g1h0) = ϕ(g1)ϕ2w+1(h0) for all g,h ∈ SD+4n .
In particular, by taking g = h = a2, i.e.,
ϕ
(
a21a20
) = a2(2u+i0)+2n−1b and ϕ(a21)ϕ2w+1(a20) = a2u+2i0+2n−1−2u2w+1b,
we have
2u2w+1 = −2u (mod 4n), equivalently 2u2w = −2 (mod 4n). (8)
For a notational brevity, set l = u + v − i0. Using Eq. (7), one can show inductively that
ϕ2 j(ab) = a2(ul+i0−1)(u2 j−2+u2 j−4+···+u2+1)+1b for every positive integer j. (9)
Using Eqs. (8)–(9), one can see that ϕ4w(ab) = ab, which implies |S| = 4w . Moreover, since S
is involution-free, Lemma 2.8 implies that there exists an ordering x1, x2, . . . , x4w of S such that
p(xi) = xi+1 and such that the distribution of inverses of the mapM is ηwτ(2w+1) with the property:
2w + 1 = ±1 (mod 2k) for 2k ‖ 4w . Let 4w = 2m+2 j with 2m ‖ w . Then 2m+1 j + 1 = −1 (mod 2m+2),
which implies that m = 0 and w is odd. On the other hand, from the equation x−11 = xτ (1) = x3w+1 =
ϕ3w(x1), we derive that w must be even. This contradiction completes the proof. 
Proof of Theorem 3.4(2). Let M = CM(SD4n, S, p) be a regular t-balanced Cayley map on the semi-
dihedral group SD4n with SD
+
4n = 〈a2,ab〉, and let ϕ be the associated t-automorphism. Assume that
S = {x0, x1, . . . , xr−2, xr−1} and p = (x0 x1 · · · xr−2 xr−1). Note that for any xi ∈ S , xi ∈ SD4n \ SD+4n and
χ(x) = 0 for any b-type x ∈ S .
Let xi ∈ S be a b-type element. If xi+1 = p(xi) is of b-type too, then π(xi) = χ(xi+1)−χ(xi) + 1 =
0 − 0 + 1 = 1 by Lemma 2.9, a contradiction. This shows that p maps a b-type element to an a-type
one.
Let x j ∈ S be an a-type element. Since S has at least one b-type element, up to isomorphism of
maps, one can assume that x0 is a b-type element b. Then x1 is an a-type element. Now let x1 = as
for some integer s. Then
xt = pt(x0) = pt
(
x−10
) = p(x0)−1 = a−s.
Therefore
ϕ(x jx0) = ϕ(x j)ϕt(x0) = x j+1xt = x j+1a−s.
Since x jx0 ∈ G+ , x jx0 is a b-type element and ϕ|SD+4n ∈ Aut(SD
+
4n), the elements x j+1a−s and x j+1 are
also of b-type. Therefore p maps an a-type element to a b-type element.
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that r must be even. Furthermore, since xt is an a-type element, t must be odd. From 1 = ϕ(asa−s) =
ϕ(x1xt) = ϕ(x1)ϕt(xt) = x2x2t and x2 is a b-type element, we have x2t = x−12 = x2. It implies 2t = r+2.
Hence one can assume that
t = 2m′ + 1 and r = 4m′ for a positive integer m′.
Moreover since ϕ2 ∈ Aut(SD4n) by Lemma 2.10, one can also assume that ϕ2 : a → a,b → a2k′b for
some integers  and k′ such that 1   < 4n with gcd(,4n) = 1 and 1  k′  2n − 1. Then x2 =
ϕ2(x0) = ϕ2(b) = a2k′b. Furthermore, for any j = 0, . . . ,2m′ − 1, we have
x2 j = ϕ2 j(b) = a2k′( j−1+ j−2+···+1)b and x2 j+1 = ϕ2 j
(
as
) = as j . (10)
Clearly, a2k
′ = x2x0 ∈ SD+4n = 〈a2,ab〉. Thus
ϕ
(
a2k
′) = ϕ(x2x0) = ϕ(x2)ϕ2m′+1(x0) = x3x2m′+1 = as(+m′ ). (11)
The fact that SD4n = 〈S〉 = 〈b,as,a2k′b〉 implies that gcd(s,2k′,4n) = 1. Because ϕ|G+ is a group auto-
morphism, Eq. (11) implies that 〈a2k′ 〉 〈as〉. Hence we have gcd(s,4n) = gcd(s,2k′,4n) = 1. Now one
can also assume that s = 1 up to isomorphism. So
x2 j = a2k′( j−1+ j−2+···+1)b and x2 j+1 = a j for j = 0,1, . . . ,2m′ − 1.
Since a
m′ = x2m′+1 = ϕ2m′+1(x0) = ϕ2m′+1(x−10 ) = x−11 = a−1, we obtain
m
′ = −1 (mod 4n). (12)
Moreover,
ϕ
(
a2
) = ϕ(x1x1) = ϕ(x1)ϕ2m′+1(x1) = x2x2m′+2
= a2k′ba2k′(m′+m′−1+···++1)b = a−2k′(m′+m′−1+···+). (13)
Since a2 ∈ SD+4n and ϕ|SD+4n is a group automorphism, we have
ϕ
(
a2k
′) = ϕ(a2)k′ = a−2k′2(m′+m′−1+···+).
Comparing it with Eq. (11) and noting that s = 1 and m′ = −1 (mod 4n), we have
2k′2
(
m
′ + m′−1 + · · · + ) + ( − 1) = 0 (mod 4n).
Finally we will show that both k′ and m′ must be odd by evaluating the both sides of the following
equation:
ϕ
(
a2n−1b
) = ϕ(ba) = ϕ(b)ϕ2m′+1(a).
Since
ϕ2m
′+1(a) = ϕ2m′+1(x1) = ϕ2m′+2(x0) = ϕ2m′+2(b) = a2k′(m
′+m′−1+···++1)b by Eq. (10),
one can have
ϕ(b)ϕ2m
′+1(a) = a2k′(m′+m′−1+···++1)+1b. (14)
On the other hand, since ϕ|SD+4n ∈ Aut(SD
+
4n) and SD
+
4n = 〈a2,ab〉 is isomorphic to the dicyclic
group B4n , one can assume that
φ := ϕ|SD+ : a2 → a2u, ab →
(
a2
)v
ab = a2v+1b4n
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a = ϕ(b) = ϕ(a−2n+1ba) = ϕ(a−2n+1b)ϕ(a) = a−2nua2v+1ba2k′b = a2n+2v+1−2k′ ,
which implies
2v = 2k′ − 2n (mod 4n). (15)
Moreover, since ϕ(a2) = a−2k′(m′+m′−1+···+) by Eq. (13) and ϕ(a2) = a2u , we have
2u = −2k′(m′ + m′−1 + · · · + ) (mod 4n). (16)
Hence
ϕ
(
a2n−1b
) = ϕ(a2(n−1)+1b) = a2(n−1)ua2v+1b
= a−2nk′(m′+m′−1+···+)+2k′(m′+m′−1+···++1)−2n+1b by Eqs. (15) and (16).
By the above equation and Eq. (14), we get
2nk′
(
m
′ + m′−1 + · · · + ) = 2n (mod 4n),
which is equivalent that both of k′ and m′ are odd. Hence one can assume that k′ = 2k − 1 and m′ =
2m−1 for some positive integers k and m. Therefore, the regular t-balanced (t > 1) Cayley mapM=
CM(SD4n, S, p) with SD
+
4n = 〈a2,ab〉 is isomorphic to CM(4n, ,k,m) for some (4n, ,k,m) ∈S. 
Lemma 4.4. For any quadruple (4n, ,k,m) ∈S,
gcd
(
2n, (2k − 1)(2m−1 + 2m−2 + · · · + )) = 1. (17)
Proof. From Eq. (3), 2m−1 − 1 = −2 (mod 4n). And since ( − 1) | (2m−1 − 1), one can get
gcd(4n,  − 1) | gcd(4n, 2m−1 − 1) = 2. But  must be odd, and then gcd(4n,  − 1) = 2. More-
over, since 2(2k − 1)2(2m−1 + 2m−2 + · · · + ) = 1 −  (mod 4n) by Eq. (4), we have gcd(4n,
2(2k − 1)2(2m−1 + 2m−2 + · · · + )) = 2, which implies Eq. (17). 
Proof of Theorem 3.2. For any (4n, ,k,m) ∈ S, CM(4n, ,k,m) is the Cayley map CM(SD4n, S, p),
where
S = {ai ,a2(2k−1)(i+i−1+···+1)b ∣∣ 0 i  4m − 3}
and p is the permutation mapping a
i
to a2(2k−1)(i+i−1+···+1)b and mapping a2(2k−1)(i+i−1+···+1)b to
a
i+1
for any i = 0,1, . . . ,4m − 3.
Now deﬁne the function ϕ : SD4n → SD4n by
ϕ
(
a2 j
) = a−2(2k−1) j(2m−1+2m−2+···+), ϕ(a2 j+1b) = a−2(2k−1) j(2m−1+2m−2+···+)+4k−2n−1b,
ϕ
(
a2 j+1
) = a−2(2k−1) j(2m−1+2m−2+···+)+4k−2b, ϕ(a2 jb) = a−2(2k−1) j(2m−1+2m−2+···+)+1
for any j = 0,1, . . . ,2n−1. (This function ϕ can be constructed by using Lemma 2.5 and the fact that
the group 〈a2,ab〉 is isomorphic to the dicyclic group B4n . The details are omitted.) By Lemma 4.4,
one can see that ϕ has the form of Eq. (1) in Lemma 2.5 where G+ = 〈a2,ab〉, r = a, z = a4k−2n−1b
and φ : G+ → G+ , a2 → a−2(2k−1)(2m−1+2m−2+···+) , ab → a4k−2n−1b. This implies that ϕ is a bijection.
Moreover, since  is odd, it holds that for any i = 0,1, . . . ,4m − 3,
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a
i ) = a−(2k−1)(i−1)(2m−1+2m−2+···+)+2(2k−1)b = a−(2k−1)(i−1) 2m−−1 +2(2k−1)b
= a−(2k−1)(i−1+i−2+···+1)(2m−)+2(2k−1)b
= a2(2k−1)(i+i−1+···+1)b by Eq. (3)
and
ϕ
(
a2(2k−1)(i+i−1+···+1)b
) = a−2(2k−1)2(i+i−1+···+1)(2m−1+2m−2+···+)+1
= ai+1 by Eq. (4) .
That is, ϕ|S = p. By Lemma 2.3, the proof of the ﬁrst part will be completed if we show that ϕ is a
t-automorphism of SD4n . To do it, it is enough to prove that ϕ satisﬁes Eq. (2) in Lemma 2.6. For any
j = 0,1, . . . ,2n − 1,
ϕ2
(
a2 j
) = ϕ(a−2(2k−1) j(2m−1+2m−2+···+)) = a2(2k−1)2 j(2m−1+2m−2+···+)2 = a2 j
by Eqs. (3)–(4), and similarly one can see that
ϕ2
(
a2 j+1
) = a(2 j+1), ϕ2(a2 jb) = a2 j+2(2k−1)b and ϕ2(a2 j+1b) = a(2 j+1)+4k−2b.
Using the above equations and Eqs. (3)–(4), one can get
ϕ4m−1
(
a2 j
) = ϕ(ϕ2(2m−1)(a2 j)) = ϕ(a2 j2m−1) = ϕ(a−2 j) = a2(2k−1) j(2m−1+2m−2+···+),
ϕ4m−1
(
a2 j+1
) = ϕ(a2(− j−1)+1) = a2(2k−1)( j+1)(2m−1+2m−2+···+)+2(2k−1)b,
ϕ4m−1
(
a2 jb
) = ϕ(a−2 j+2(2k−1)(2m−2+2m−3+···++1)b) = a2(2k−1) j(2m−1+2m−2+···+)−1,
ϕ4m−1
(
a2 j+1b
) = ϕ(a−2( j+1)+2(2k−1)(2m−2+2m−3+···++1)+1b)
= a2(2k−1)( j+1)(2m−1+2m−2+···+)+4k−2n−3b.
Therefore, for any i, j = 0,1, . . . ,2n − 1,
ϕ
(
a2i+1
)
ϕ4m−1
(
a2 j
) = a−2(2k−1)(i+ j)(2m−1+2m−2+···+)+2(2k−1)b = ϕ(a2i+1a2 j),
ϕ
(
a2i+1
)
ϕ4m−1
(
a2 j+1
) = a−2(2k−1)(i+ j+1)(2m−1+2m−2+···+) = ϕ(a2i+1a2 j+1),
ϕ
(
a2i+1
)
ϕ4m−1
(
a2 jb
) = a−2(2k−1)(i+ j)(2m−1+2m−2+···+)+2(2k−1)−2n+1b = ϕ(a2i+1a2 jb),
ϕ
(
a2i+1
)
ϕ4m−1
(
a2 j+1b
) = a−2(2k−1)(i+ j+1)(2m−1+2m−2+···+)+1 = ϕ(a2i+1a2 jb),
ϕ
(
a2ib
)
ϕ4m−1
(
a2 j
) = a−2(2k−1)(i− j)(2m−1+2m−2+···+)+1 = ϕ(a2iba2 j),
ϕ
(
a2ib
)
ϕ4m−1
(
a2 j+1
) = a−2(2k−1)(i− j−1)(2m−1+2m−2+···+)+2(2k−1)+1b = ϕ(a2iba2 j+1),
ϕ
(
a2ib
)
ϕ4m−1
(
a2 jb
) = a−2(2k−1)(i− j)(2m−1+2m−2+···+) = ϕ(a2iba2 jb),
ϕ
(
a2ib
)
ϕ4m−1
(
a2 j+1b
) = a−2(2k−1)(i− j−1)(2m−1+2m−2+···+)−2n+2(2k−1)b = ϕ(a2iba2 j+1b).
Consequently, ϕ satisﬁes Eq. (2) in Lemma 2.6.
For any two quadruples (4n, 1,k1,m), (4n, 2,k2,m) ∈ S, suppose that the two (8m − 4)-valent
regular (4m − 1)-balanced Cayley maps CM(4n, 1,k1,m) = CM(SD4n, S1, p1) and CM(4n, 2,k2,m) =
CM(SD4n, S2, p2) are isomorphic. Notice that for a-type elements x2i+1 ∈ S1 and y2i+1 ∈ S2, we have
x−12i+1 = p4m−21 (x2i+1) and y−12i+1 = p4m−22 (y2i+1). Moreover, since a-type elements and b-type elements
appear alternately in both p1 and p2 by their constructions, CM(4n, 1,k1,m) and CM(4n, 2,k2,m)
have the same rotation type. By Lemma 2.1, there exists a group automorphism α : SD4n → SD4n such
that α(b) = b and αp1 = p2α. From p1(b) = p2(b) = a, we have α(a) = a. Thus α should be the trivial
group automorphism, implying 1 = 2 and k1 = k2. This completes the proof. 
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dihedral group SD4n with SD
+
4n = 〈a〉, and let ϕ be the associated t-automorphism. If S entirely
consists of involutions, then the map M is balanced. Hence up to isomorphism of maps, one can
assume that ab ∈ S . Moreover, since φ := ϕ|SD+4n ∈ Aut(〈a〉), one can also assume that φ : SD
+
4n → SD+4n ,
a → au where 1 u  4n and gcd(u,4n) = 1. By Lemma 2.7 with x = ab, there exists h ∈ SD+4n = 〈a〉,
say h = ak , such that
S = {x,hx, φ(h)hx, φ2(h)φ(h)hx, . . . , φ|S|−2(h)φ|S|−3(h) · · ·φ2(h)φ(h)hx}
= {ab,ak+1b,ak(u+1)+1b,ak(u2+u+1r)+1b, . . . ,ak(u|S|−2+u|S|−3+···+1)+1b}
and
p = (ab ak+1b ak(u+1)+1bak(u2+u+1)+1b · · · ak(u|S|−2+u|S|−3+···+1)+1b).
Notice that
ϕ j(ab) = ak(u j−1+u j−2+···+u+1)+1b for any j = 1,2, . . . , |S| − 1.
Now we will show that gcd(k,4n) = 1. Observe that SD4n = 〈S〉 〈ab,ak〉 = 〈ak〉〈ab〉. Since
8n = o(〈ak〉〈ab〉) = o(〈ak〉)o(〈ab〉)
o(〈ak〉 ∩ 〈ab〉) =
4 · o(〈ak〉)
o(〈ak〉 ∩ 〈ab〉) ,
we have o(〈ak〉) = 2n · o(〈ab〉 ∩ 〈ak〉), and so o(〈ab〉 ∩ 〈ak〉) = 1 or 2. If k is even, then S consists of
elements of the form a2 j+1b. But then 〈S〉 = SD4n by Lemma 4.2. Hence k must be odd. Moreover,
if o(〈ab〉 ∩ 〈ak〉) = 1, then o(〈ak〉) = 2n and so 〈ak〉 = 〈a2〉, which cannot happen because k is odd.
Therefore o(〈ak〉) = 4n, 〈ak〉 = 〈a〉 and gcd(k,4n) = 1.
From the fact that gcd(k,4n) = 1, one can choose an integer j0 such that k + 2 j0 = 1 (mod 4n),
and since σk, j0 ∈ Aut(SD4n) maps ab to ab and maps a(u
i−1+ui−2+···+1)+1b to ak(ui−1+ui−2+···+1)+1b for
every positive integer i, up to isomorphism of maps, one can assume that k = 1.
Now, since u is odd, it holds that half of S are involutions and other half are of order 4, and p
maps an involution to a non-involution and vice versa. Hence |S| must be even, say |S| = 2d for a
positive integer d. Moreover, since S contains an involution, Lemma 2.8 implies that
(i) there exists an integer i0 such that S = {x1, . . . , x2d} where xi = ϕ i0+i−1(ab) for any i =
1,2, . . . ,2d and the distribution of inverses of the mapM is τt , and
(ii) S contains gcd(t − 1,2d) involutions.
From the fact that half of S are involutions, we have t = d + 1. Notice that x2i is involution and
x2i−1 is non-involution for any i = 1,2, . . . ,d and that τt(1) = d+1, i.e., xd+1 is the inverse of x1. This
implies that d + 1 must be odd, say d = 2m for a positive integer m. Observe that
a2n+u+2b = ϕ((a2b)−1)−1 = ϕ2m+1(a2b) = ϕ2m+2(ab) = a(u2m+1+u2m+···+1)+1b,
which is equivalent to
2n = u2m−1 + u2m−2 + · · · + u + 1 (mod 4n) (18)
because gcd(u2,4n) = 1 and 2nu2 = 2n (mod 4n). Observe that for any i = 2,3, . . . ,2m,
ϕ2m+i−1(ab) = a(u2m+i−2+u2m+i−3+···+1)+1b = aui−1(u2m−1+u2m−2+···+1)+(ui−2+ui−3+···+1)+1b
= a2n+(ui−2+ui−3+···+1)+1b by Eq. (18).
Therefore, the regular t-balanced (t > 1) Cayley map M= CM(SD4n, S, p) with SD+4n = 〈a〉 is isomor-
phic to CM(4n,u,m) for some (4n,u,m) ∈ T. 
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(1) u2m − 1 = 0 (mod 4n),
(2) u4m−1 + u4m−2 + · · · + 1 = 0 (mod 4n).
Proof.
u2m − 1 = (u − 1)(u2m−1 + u2m−2 + · · · + 1) = 2n(u − 1) by Eq. (5)
= 0 (mod 4n) since u − 1 is even.
Similarly,
u4m−1 + u4m−2 + · · · + 1 = u2m(u2m−1 + u2m−2 + · · · + 1) + (u2m−1 + u2m−2 + · · · + 1)
= 2n(u2m + 1) = 0 (mod 4n). 
Proof of Theorem 3.3. For any (4n,u,m) ∈ T, CM(4n,u,m) is the Cayley map CM(SD4n, S, p), where
S = {ab,a(ui−1+ui−2+···+1)+1b,a2n+1b,a2n+(ui−1+ui−2+···+1)+1b ∣∣ 1 i  2m − 1}
= {ab,a(u j−1+u j−2+···+u+1)+1b ∣∣ 1 j  4m − 1}
and p is the cyclic permutation on S deﬁned by
p = (ab a1+1b a(u+1)+1b a(u2+u+1)+1b · · · a(u2m−2+u2m−3+···+1)+1b
a2n+1b a2n+1+1b a2n+(u+1)+1b a2n+(u2+u+1)+1b · · · a2n+(u2m−2+u2m−3+···+1)+1b).
Now deﬁne the function ϕ : SD4n → SD4n by
ϕ
(
a j
) = a ju, ϕ(a jb) = a ju−u+2b
for any j = 0,1, . . . ,4n − 1. This function ϕ can be constructed by using Lemmas 2.4–2.5 with
G+ = 〈a〉, r = b and z = a−u+2. The details are omitted. Clearly ϕ is a bijection and ϕ(ab) = a1+1b.
Moreover, it holds that for any j = 1,2, . . . ,4m − 2,
ϕ
(
a(u
j−1+u j−2+···+u+1)+1b
) = a(u j+u j−1+···+u+1)+1b
and
ϕ
(
a(u
4m−2+u4m−3+···+u+1)+1b
) = a(u4m−1+u4m−2+···+u+1)+1b = ab by Lemma 4.5(2).
That is, ϕ|S = p. By Lemma 2.3, the proof of the ﬁrst part will be completed if we show that ϕ is a
t-automorphism of SD4n . To do it, it is enough to prove that ϕ satisﬁes Eq. (2) in Lemma 2.6. For any
j = 0,1, . . . ,4n − 1, one can show inductively that
ϕ2m+1
(
a jb
) = a ju2m+1+(−u+2)(u2m+u2m−1+···+1)b = a ju+(−u+2)(u2m+u2m−1+···+1)b. (19)
For any i, j = 0,1, . . . ,4n − 1,
ϕ
(
ai1a j0
) = ϕ(ai+ j(2n−1)b) = aui+2nj− ju+(−u+2)b
and
ϕ
(
ai1
)
ϕ2m+1
(
a j0
) = ϕ(aib)ϕ2m+1(a j) = aiu+(2−u)+ ju2m+1(2n−1)b
= aiu+2nj− ju+(2−u)b by Lemma 4.5(1).
Hence ϕ satisﬁes the ﬁrst equation of Eq. (2) in Lemma 2.6.
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ϕ
(
ai1a j1
) = ϕ(ai+ j(2n−1)) = aui+2nj− ju
and
ϕ
(
ai1
)
ϕ2m+1
(
a j1
) = ϕ(aib)ϕ2m+1(a jb)
= aiu+(−u+2)+2nj+2n− ju−u(u2m−1+u2m−2+···+1)−1+u2m+1−1 by Eq. (19)
= aiu+2nj− ju by Eq. (5) and Lemma 4.5(1).
Therefore, ϕ satisﬁes the second equation of Eq. (2) in Lemma 2.6.
For any two triples (4n,u1,m), (4n,u2,m) ∈ T, suppose that the two 4m-valent regular (2m + 1)-
balanced Cayley maps CM(4n,u1,m) = CM(SD4n, S1, p1) and CM(4n,u2,m) = CM(SD4n, S2, p2) are
isomorphic. For any i = 1,2, . . . ,2m − 1, we put
x1 = ab, xi+1 = a(ui−11 +ui−21 +···+1)+1b, x2m+1 = a2n+1b, x2m+i+1 = a2n+(ui−11 +ui−21 +···+1)+1b
and
y1 = ab, yi+1 = a(ui−12 +ui−22 +···+1)+1b, y2m+1 = a2n+1b, y2m+i+1 = a2n+(ui−11 +ui−22 +···+1)+1b.
Then we have x−12i−1 = p2m1 (x2i−1), y−12i−1 = p2m2 (y2i−1), x−12i = p0(x2i) and y−12i = p0(y2i) for any
i = 1,2, . . . ,2m. Hence CM(4n,u1,m) and CM(4n,u2,m) have the same rotation type. By Lemma 2.1,
there exists a group automorphism α : SD4n → SD4n such that α(ab) = ab and αp1 = p2α. From
p1(ab) = a2b = p2(ab), we have α(a2b) = a2b, which implies α(a) = a and α(b) = b. Thus α should
be the trivial group automorphism, implying u1 = u2. This completes the proof. 
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